We construct Drinfeld's second realization of the Yangian based on psu(2|2) ⋉ R 3 symmetry. The second realization is traditionally more suitable for deriving the quantum double and the universal R-matrix with respect to the first realization, originally obtained by Beisert, and it is generically more useful in order to study finite dimensional representations. We show that the two realizations are isomorphic, where the isomorphism is almost the standard one given by Drinfeld for simple Lie algebras, but needs some crucial corrections to account for the central charges. We also evaluate the generators of the second realization on the fundamental representation, finding the interesting result that the rapidity variable for some generators gets boosted by the energy eigenvalue.
Introduction
A remarkable recent development in the study of the AdS/CFT conjecture is due to the observation that the dilatation operator of 4D N = 4 supersymmetric Yang-Mills theory can be mapped into the Hamiltonian of an integrable spin-chain [1, 2] . This matches an analogous integrable structure discovered on the string theory side of the correspondence [3, 4] . Integrability implies that the relevant dynamical information is encoded in the two-body spin-chain S-matrix. The tensor part of the latter is completely determined by the underlying centrally extended su(2|2) Lie superalgebra symmetry in its fundamental representation [5] , and satisfies the quantum Yang-Baxter equation [6, 7] . The S-matrix has to be supplemented with an overall interpolating dressing factor, which is constrained, but not fully fixed, by a crossing equation derived in [8] . The appearance of crossing symmetry is related to the existence of an underlying Hopf algebra, which was found in [9, 10] . This was confirmed by a string sigma model computation in [11] , building upon the representation of [4] . A remarkable non-perturbative solution of the crossing equation of [8] has been proposed in [12] , so far receiving highly non trivial confirmations (see for example [13] ).
Several indications suggest the presence of a rich hidden mathematical structure responsible for the integrability of the model (see also [14] , and the recent treatment of a quantum deformation in [15] ). To completely unravel it, it is important to understand how to embed the su(2|2) Lie superalgebra in an infinite dimensional non-abelian (Yangian) symmetry [16] , and to construct the so-called universal (i.e. representation-independent) R-matrix (see for instance [17] ). Specifying such universal tensor gives immediate access to all possible scattering matrices in the various representations, as for instance it appears to be desirable from recent considerations on the TBA [18] . In fact, a better understanding of the structure of the asymptotic S-matrix would help progressing the finite-size problem as well [19] , since current approaches reutilizes the asymptotic data in order to draw conclusions on the compact case.
In [20] , the S-matrix has been shown to possess a centrally extended su(2|2) Yangian symmetry. Hence, it is natural to expect such S-matrix to be the representation of the universal R-matrix of a Yangian double [21] , somehow modified by a twist in order to incorporate the braiding elements of [9, 10] . Universal R-matrices for Yangians based on simple Lie (super)algebras have been derived in [22, 23] , but a main ingredient in the derivation, the existence of a non-degenerate invariant bilinear form, is missing for psu(2|2) ⋉ R 3 . One can in principle remove this degeneracy by adjoing the external sl(2) automorphisms to psu(2|2)⋉R 3 , but they have no finite dimensional representation, and they cannot directly be seen to be symmetries of the S-matrix.
As there exist no simple solution to overcome this problem, in [24] a classical limit of the S-matrix and the centrally extended psu(2|2)⋉R 3 Lie algebra was studied. The residue of the classical r-matrix was shown to possess an enhanced u(2|2) symmetry. Indeed, in [25] it was shown that this classical r-matrix on the fundamental representation arises from the abstract r-matrix of a quasitriangular bialgebra based on a deformed u(2|2) loop algebra (see [26] for an alternative proposal). This loop algebra contains an infinite tower of automorphisms, which one should in principle also expect to appear at the quantum level as symmetries of the S-matrix. However, to the present date only one additional Yangian generator, of u(2|2) signature, which can be interpreted as one of these automorphisms, was shown to be a symmetry [27, 25] , whereas the role of the infinitely many other automorphisms remains to be uncovered.
Solving the problem of the singular Cartan matrix is not the only task one has to undertake in order to construct the universal R-matrix. The derivation performed in the literature [22] makes use of the so-called Drinfeld's second realization of the Yangian, which defines the Yangian in a Chevalley-Serre type of basis. In the case of simple Lie algebras Drinfeld also gave the isomorphism between the first and the second realization [28] . To obtain the latter is the scope of the present paper.
In this work, we define the Yangian Y(psu(2|2) ⋉ R 3 ) based on the centrally extended psu(2|2) ⋉ R 3 algebra in Drinfeld's second realization, and show that it is isomorphic to the first realization of Beisert [20] . We find that the defining relations are similar to those for Yangians of simple Lie algebras, but one needs to modify the Serre relations. Additionally, the isomorphism we find is similar to the case of simple Lie algebras, but needs some crucial modifications to incorporate the effects of the central elements.
Finally, we study the fundamental evaluation representation of the Yangian generators in the second realization. In the first realization all generators J A at first level are represented as J A ∝ uJ A , namely by the level zero generators multiplied by a rapidity variable. In the second realization we find the interesting result that for some generators the rapidity variable gets shifted by the eigenvalue of the central charge C, corresponding to the excitation energy, yielding effective "boosted" rapidities
On the one hand, this is due to the presence of the threefold central extension, on the other hand its unusual character further complicates the problem of constructing the universal R-matrix with standard methods, and we leave this issue for future investigations. We will nevertheless find a sensible "triangular" decomposition of the Yangian algebra, a nice realization in terms of Drinfeld currents, and a quite non trivial consistency check of this structure furnished by the Serre relations.
Summary of the results
We summarize here the results we have obtained. The centrally extended su(2|2) part of the Yangian algebra underlying the AdS/CFT S-matrix [5] can be cast into the following set of defining relations for the fermionic roots ξ ± i,n and Cartan generators κ i,n , with i = 1, 2, 3 and n = 0, 1, . . . : 3) where the symmetric Cartan matrix a ij has all zeroes except for a 12 = a 21 = −1 and a 13 = a 31 = 1. The fundamental evaluation representation is given by 5) C being the eigenvalue of the central charge C. The coproducts, uniquely defined by the formulas (4.14) (see the text) together with the original ones for the Lie algebra, admit a triangular decomposition determined by (see comments in the main text and the appendix)
The corresponding counits and antipodes, completing the Hopf algebra structure, are easily derived from the formulas for the coproducts, using the Hopf algebra definitions, and they all satisfy the charge conjugation rule [8, 10, 7] (see also comments in the appendix). The realization in terms of Drinfeld currents is given by formulas (5.3), (5.4) in the text.
We have found the isomorphism between this realization and the one originally given by Beisert in [20] . The map can almost be directly guessed from the standard one [28] , but it nevertheless requires some important modifications, which we comment upon in the main text (see Section 4.2) . In the Appendix, we constructively rederive the same result starting from a more general transformation on the representation of [20] , and imposing suitable constraints.
Yangian Y(g)
In this section we summarize the definitions for the Yangian Y(g) of a simple Lie algebra g in Drinfeld's first and second realization and give the isomorphism between the two [21, 28] . The generalisation to simple Lie superalgebras is straightforward (see for instance [23] ), however, for simplicity, we refrain from giving the needed modifications in this section. The reader is referred to the standard literature (see for example [17, 29] ) for a thorough treatment of this subject.
Drinfeld's first realization of Y(g)
Let g be a finite dimensional simple Lie algebra generated by J A satisfying commutation relations [J A , J B ] = f AB C J C , and equipped with a non-degenerate invariant bilinear form κ AB . The Yangian Y(g) is a deformation of the algebra g [u] of polynomials with values in g defined by the following commutation relations between the level zero generators J a forming g and the level one generators J a :
The generators of higher levels are derived by demanding compatibility with the Serre relation (for algebras strictly larger than su (2))
Indices are raised or lowered with the Killing form κ AB . The Yangian is equipped with a Hopf algebra structure. The coproduct is uniquely determined for all generators by specifying it on the level zero and one generators as follows
The antipode and the counit are easily obtained directly from the Hopf algebra definitions.
Drinfeld's second realization of Y(g)
As mentioned in the Introduction, establishing the Yangian Y(g) in Drinfeld's first realization is not sufficient for the construction of the universal R-matrix, and as well not very suitable for the study of finite dimensional representations. Drinfeld's second realization of Y(g) is defined by generators κ i,m , ξ
. . , with the commutation relations
In these formulas a ij is the Cartan matrix, which we will assume to be symmetric throughout the paper.
Having established two a priori independent realizations of the same algebraic structure, one needs to show that the two are isomorphic. Let H i , E ± i be a Chevalley-Serre basis for g, and denote byĤ i ,Ê ± i the appropriate level one generators in the first realization of the Yangian. Then, Drinfeld [28] gave the isomorphism 6) where
8)
Here ∆ + denotes the set of positive root vectors, E ± β the corresponding generators of the Cartan-Weyl basis, and the adjoint action is defined as ad x (y) = [x, y]. The reader will be able to find literature on the connection between the two realizations for the (related) case of quantum affine algebras, for instance in [30] .
3 The centrally extended Lie superalgebra psu(2|2) ⋉ R
3
In this section we will give the definition of the Lie superalgebra psu(2|2) ⋉ R 3 , for a choice of both a Cartan-Weyl and a Chevalley-Serre basis, as the former is suitable for the construction of the Yangian in Drinfeld's first realization, whereas the latter is used to construct the second realization.
Chevalley-Serre basis
The Lie superalgebra psu(2|2) ⋉ R 3 is defined in the fermionic Chevalley-Serre basis 3) and the Serre relations
The Cartan matrix is given by 6) and all roots E ± i are fermionic. Furthermore, the curly brackets {, } denote the anticommutator, whereas ad denotes the super adjoint ad
Note that the Cartan matrix is degenerate, its null vector H 2 + H 3 being also central. If one sets all three linearly independent central elements to zero, one obtains the simple Lie superalgebra psu(2|2).
Cartan-Weyl basis
Let α i be the root vectors corresponding to the positive simple roots E + i . Then all positive root vectors are given by
The root vector β 7 = α 2 +α 3 has zero length, but nevertheless corresponds to some generator, namely a central element. The corresponding Cartan Weyl basis reads
12)
For later purposes, we define a i such that [E
In this way a i is given by
The definition given by Beisert [5, 20] of the centrally extended su(2|2) Lie superalgebra is as follows. It is generated by two su (2)
β and three central charges C, P, K satisfying the following (non-vanishing) commutation relations:
All indices run from 1 to 2 and we have the additional trace condition
This definition of psu(2|2) ⋉ R 3 coincides with the Chevalley-Serre presentation if one sets
17) 18) and with the Cartan-Weyl description by setting
23)
The additional central elements are given by
The fundamental four-dimensional representation of psu(2|2) ⋉ R 3 is defined by [5] 26) where the four-dimensional vector space is spanned by two bosons |φ a , a = 1, 2 and two fermions |ψ α , α = 1, 2. The four complex numbers a, b, c, d labeling the representation have to satisfy the constraint ad − bc = 1. We solve this constraint as d = In this section we will first review Drinfeld's first, and then derive Drinfeld's second realization for the Yangian Y(psu(2|2) ⋉ R 3 ). This can be done in a similar way as for ordinary simple Lie algebras, as outlined in Section 2. However, there are some crucial differences which we will point out.
Drinfeld's first realization of Y(psu(2|2) ⋉ R
3 )
In Section 2.1 we reviewed how to construct the Yangian Y(g) based on a simple Lie algebra. One faces the problem that psu(2|2) ⋉ R 3 is not simple. The procedure by Beisert [20] was based on the following arguments. Essential to the construction is a non-degenerate invariant bilinear form. The Killing form for psu(2|2) ⋉ R 3 being degenerate, the sl(2) automorphisms were adjoined to the algebra, yielding the algebra sl(2) ⋉ psu(2|2) ⋉ R 3 , which possesses a non-degenerate form. As these automorphisms drop out of the coproduct for generators of psu(2|2) ⋉ R 3 , this produced a formal definition of the Yangian Y(psu(2|2) ⋉ R 3 ) without explicitely mentioning the automorphisms. However, they are implicitely used to lower the indices of the structure constants. We spell out the results obtained by Beisert in [20] for the case where the coproduct is twisted by an additional braiding element U, which was first derived in [9, 10] for the level zero generators. The coproduct has then the form 2) where [A] denotes the "braid"-charge, which is the eigenvalue of any generator with respect to the Cartan generator
Beisert's result is reported explicitely in Table 1 .
We define Y(psu(2|2) ⋉ R 3 ) in the second realization in almost the same way as it is done for an arbitrary simple Lie algebra, as outlined in Section 2.2. It is defined in terms of generators κ i,m , ξ ± i,m , i = 1, 2, 3, m = 0, 1, 2, . . . , with the commutation relations 5) where K n and P n are central elements, and a ij is the Cartan matrix of psu(2|2) ⋉ R 3 as given in Section 3.1. Further, [x, y} = xy − (−1) |x||y| yx is the supercommutator.
Indeed, the last Serre relation is the only difference with respect to the standard definition of Drinfeld's second realization for Yangians of simple Lie algebras. This realization is close to the Chevalley-Serre presentation of the underlying Lie algebra, where we have seen (cfr. Section 3.1) that the crucial difference to the simple case is the modification of the Serre relations. In view of this fact, our definition of the second realization of Y(psu(2|2) ⋉ R 3 ) is naturally expected.
We now want to establish the isomorphism between the two realizations of Y(psu(2|2) ⋉ R 3 ). What we find is that the structure of the isomorphism is the same as in the case of simple Lie algebras, namely it is given by 6) where the special elements are given by
However, we note that these special elements do not exactly have the standard form
where we have promoted the formulas given in Section 2.2 for the isomorphism between the two realizations to the case of superalgebras, and used the elements a β as defined in (3.14).
The non-zero differences are given by the following terms:
Let us comment on the difference between our result and the standard case. As K corresponds to the root vector α 3 + α 2 , which has zero scalar product with all other root vectors, the extra terms ± 1 2 PK in v i cannot be obtained directly from the general formulas (4.8) . It is interesting to notice that, in d(2, 1; α), the scalar product of the roots which in the α → 0 limit (see e.g. [5] ) become P, K is nonzero. It would be interesting to see if one could get these special elements for Y(psu(2|2) ⋉ R 3 ) as a contraction from Y(d (2, 1; α) ). For more work on the relation between d(2, 1; α) and psu(2|2) ⋉ R 3 see [31] , and [32] , whose treatment goes along the presentation of [33] .
For the roots 2 and 3 the isomorphisms are precisely the standard ones. The appearance of the shifts for w 1 , z 1 can be understood as follows. When P, K are not zero, the anticommutator of the positive simple root E + 4 with the negative root E − 3 is non-zero and gives the central element P. Hence we interpret the shift term as −
), i.e. we include the negative root −β 3 in the sum in (4.8) . This is in principle consistent since the root diagram is only two dimensional, due to the degeneracy of the Cartan matrix. Again, one may also try to make sense of this term when considering the contraction from d(2, 1; α).
Coalgebra structure
It is important to provide the coproducts for the Yangian generators, which respect the defining relations we have given. Such a coalgebra structure is uniquely defined by the coproducts on the level zero generators, and the following ones on the level one generators: (4.14) One can notice that these coproducts satisfy a triangular decomposition in the spirit of the treatment in [22] , namely they are schematically of the form (4.15) where E and F are the subalgebras generated by the positive and negative roots I + and I − respectively, and Y is the whole Yangian. The notation with sets in (4.15) indicates a sum of combinations of terms taken from the respective sets. The exponents of the corresponding braiding factors are of obvious meaning.
This triangular decomposition is easily checked if one recalls the subdivision in positive and negative roots from Section 3. In particular, the non-simple roots R 1 2 , L 2 1 and S 1 1 are positive, while R 2 1 , L 1 2 and Q 1 1 are negative. Furthermore, K is generated inside I + , and P inside I − .
Fundamental Representation
We are now ready to determine the fundamental evaluation representation of the Yangian, in the second realization we have derived. One can convince oneself that the following fourdimensional matrix representation
with 2) and where κ i,0 , ξ ± i,0 are represented as ensuing from (3.26) , satisfies all the defining relations. The representation is still multiplicative, but with two different evaluation parameters, or rapidities. In particular, one of them is boosted with respect to the other of an amount equal to the eigenvalue of one the central charges 1 . This is particularily interesting as C can take continous values and has the physical interpretation of an energy eigenvalue. Rewriting the rapidity in terms of the momentum p and the energy C, igu = ω 1 = i cot(p/2)C, we
sin(p/2) C. Interestingly, the roots for which this shift occurs are precisely those involved in the modified Serre relations {ξ
We also notice that all the three spectral parameters have the same classical limit, since when g tends to infinity they all coincide with igu. This correctly reproduces the classical Yangian of [25] , as it should, since we started from the evaluation representation of [20] 2 .
For completeness, we report here the Drinfeld currents relative to the representation we have found, and their commutation relations. We define in the usual way such currents as
3)
The evaluation of the sums is particularly easy in a multiplicative representation such as (5.1), (5.2), and the commutation relations can be cast in particular into the standard form (cfr. [34] )
(5.4)
Conclusions
In this paper we have constructed the Chevalley-Serre (or Drinfeld's second) realization of the (centrally extended) su(2|2) Yangian symmetry underlying the AdS/CFT S-matrix, by performing a map on the generators obtained by [20] . This is traditionally the suitable basis from where to start the derivation of the universal R-matrix, and for constructing the Yangian representation theory. We have derived the relevant evaluation representation, and found that the central extensions entail a peculiar feature, namely the coexistence of two different evaluation parameters (rapidities) for different roots. The two parameters are related to each other by a shift (boost) equal to the eigenvalue of one of the central charges, namely C. We have checked this structure against the Serre relations, and given the realization in terms of Drinfeld currents, which are connected to the so-called "free-field" realizations (see for example [35] ), and to the Faddeev-Zamolodchikov algebra [7] . We have also provided the Hopf algebra coproducts, and verified that they are algebra-homomorphisms. They satisfy a triangular decomposition, which is essential for the definition of a quantum double [21, 22] . As a remark, we notice that the presence of two different evaluation parameters can complicate the derivation of our algebra from some analog of the quantum affine version (see also [15, 32] ).
The next important step will be to develop the associated representation theory, and attempt a construction of the universal R-matrix. Even though the framework we have reached is very close to the standard one [28, 22] , the new features make the direct application of the traditional procedures quite harder. On the other hand, it is known [27, 25] that one additional symmetry has to play a crucial role, and it is still unclear how to linearly embed it into the relations we have derived in this paper. It is also known that at the classical level the additional central charges P n , K n can be hidden in the levels of the loop algebra, so it is important to check if this works consistently at the level of the Yangian, as otherwise the quantum double would necessarily involve the undesired sl(2) automorphisms. We reserve to come back to these issues in a future work.
A Derivation of the isomorphism
In Section 4.2 we have given the isomorphism between the two realizations of the Yangian, where the main ingedients, the special elements (4.7), were shown to be almost the standard ones for simple Lie algebras, with a slight modification due to the appearance of the central charges in psu(2|2) ⋉ R 3 . We will now derive these special elements from a more general perspective, by only demanding compatibility of the defining relations for the realizations with the appropriate coalgebra definitions, and requiring the coproduct to respect the triangular decomposition of the underlying Lie algebra.
The Yangian generators discovered in [20] have a multiplicative fundamental representationĴ = iguJ, where J is any generator of the centrally extended su(2|2) Lie superalgebra, g is the coupling constant, and u depends on the parameters of the representation. They are presented in the philosophy of Drinfeld's first realization, and have to be supplemented with an additional u(2|2)-type Yangian symmetry [27, 25] (see the Introduction). Taking as a starting point this first realization described in the main text (cfr. Section 3), we perform a general map of the form
where B r represents any of the ten bosonic generators, given (in this order) by the list
, and F s any of the eight fermionic ones, given (in this order) by
The presence of 1 among the bosonic elements allows in principle for linear (and constant) terms in the map. We then require the new generators to satisfy the desired relations (1.2) [
together with suitable Serre relations, which we leave unspecified for the moment.
A.1 Constraints on the coefficients
We will impose all of the above relations to be satisfied, using the specific representation of [20] , for arbitrary parameters 3 a, b, c and u, and constant coefficients of the map (i.e. independent on the representation labels). We will comment later on the issue of promoting the resulting relations at a universal level. This operation puts a list of constraints (which we shall not report here) on the coefficients, but at the same times leaves many of them arbitrary 4 . This means that there are in principle many ways to achieve the desired realization. However, this is not all one needs to impose, in order to have a consistent Hopf algebra, since the coproducts of these generators must also satisfy the above relations. Such coproduct is directly obtained from the map, by using the knowledge of the original coalgebra structure [9, 10] , and the homomorphism property. Namely one has
We use the conventions in [20] for the coproducts of the original generators, with braiding factor U. In our basis, this is generated by 6) with j = 2, 3, for the Lie algebra generators, and by the corresponding first level Yangian formulas of [20] , see Table 1 .
As a first step, we require an appropriate triangular decomposition in the spirit of the treatment in [22] . We will ask the coproducts to be schematically of the form
We refer to the comments in the text (cfr. formula (4.15) ) for the meaning of the notation in (A.7).
In order to achieve such a decomposition, it is enough to impose the following additional constraints: We afterwards impose that all the coproducts obtained in this way also satisfy the above relations (A.3) 5 . This qualifies the coproducts as algebra homomorphisms. One obtains in this way additional constraints on the coefficients, in particular, the vanishing of the constant piece of the map, v bb i (10, 10) = 0. At this stage, one can check that the antipode S, similarly obtained from the original one using the anti-homomorphism property 9) preserves the relations (A.3), and is automatically consistent with the charge conjugation rule [8, 10, 7] S(J n ( 10) in the fundamental representation, with one and the same charge conjugation matrix C. Explicit formulas can alternatively be derived from the final expression for the coproducts (see below), using the defining Hopf algebra property of the antipode µ • (S ⊗ 1) • ∆ = η • ǫ (µ is the algebra multiplication, η the unit, ǫ the counit).
A.2 Image of the map and triangular decomposition
Computing the image of the original generators under the map (A.1), (A.2) gives at this point the following result: (A.12)
We can see that the representation is still multiplicative, but with two different evaluation parameters, or rapidities. In particular, one of them is boosted with respect to the other of an amount equal to the eigenvalue of one the central charges. It is also obvious that the constant shift in ω 1 is totally unessential, and we impose a further constraint on the coefficients of the map such that this shift vanishes, ending up with just the representation reported in the main text (cfr. (5.1), (5.2)): Since, after making use of all the constraints described until now, many coefficients of the map (A.1), (A.2) are still undetermined, we will perform a final choice, which puts the image generators and their coproduct in the simplest and most symmetric form. The triangular decomposition advertised in (A.7) is then mostly evident, and the map converges to almost the original Drinfeld prescription [28] , reproducing the result reported in the main text. This amounts to setting to zero many of the coefficients, and fixing the remaining ones such as to produce precisely the special elements (4.7) as well as the coproducts (4.14).
One can check the triangular decomposition according to the subdivision in positive and negative roots ensuing from Section 3. In particular, the non-simple roots R 1 2 , L 2 1 and S 1 1 are positive, while R 2 1 , L 1 2 and Q 1 1 are negative. Furthermore, K is generated inside I + , and P inside I − .
Let us now turn to the issue of the Serre relations. The representation (A.14), (A.13) is multiplicative, and, in particular, it has the same evaluation parameter precisely for the simple roots with indices 2 and 3, which allows to define unambiguously the higher central charges that have to appear in the Serre relations. We can immediately verify that the following relations are in fact satisfied i = j, n ij = 1 + |a ij |, Sym {k} [ξ where K n = ω 2 n K and P n = ω 2 n P are central elements. Notice that this occurrence represents a quite non-trivial consistency check of the realization we have found.
Once we have reached this result, we can come back to the issue of "universality" of these relations. If it is true that the single steps where performed in the specific representation of [20] , the structure reported in Section 1.1 seems to be consistent by itself, and there is no apparent obstacle in attributing a universal meaning to it. One may take it as a starting point for the subsequent analysis of the universal R-matrix, making use of the new evaluation representation (A.14), (A.13), since there seems to be no a priori ways to discriminate on its abstract validity.
